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Abstract. A spherical t-design curve was defined by Ehler and Gröchenig
to be a continuous, piecewise smooth, closed curve on the sphere with
finitely many self-intersections whose associated line integral applied to
any polynomial of degree at most t evaluates to the average of this poly-
nomial on the sphere. These authors posed the problem of proving that
there exist sequences (γt)

∞
t=0 of t-design curves on Sd of asymptotically

optimal length ℓ(γt) ≍ td−1 as t → ∞ and solved this problem for d = 2.
This work solves the problem for d = 3 by proving that there exists a
constant C > 0 such that for any C ≥ C and t ∈ N+, there exists a
simple t-design curve on S3 of length Ct2.

1. Background and main results

Definition 1.1 (Definition 2.1 of Ehler and Gröchenig [6]). For any d ∈
N+ := {1, 2, ...} and t ∈ N := {0, 1, ...}, a continuous, piecewise smooth,
closed curve γ : [0, 1] → Sd with finitely many self-intersections is called a
t-design curve if

1

ℓ(γ)

󰁝

γ
f :=

1

ℓ(γ)

󰁝 1

0
f(γ(s))|γ′(s)| ds = 1

|Sd|

󰁝

Sd

f dσ

for all f in the space Pt(S
d) of restrictions to Sd of polynomials on Rd+1 of

degree at most t, where ℓ(γ) :=
󰁕 1
0 |γ′(s)| ds is the length of γ and σ is the

standard uniform measure on Sd.

The introduction of t-design curves was motivated by the numerous uses
curves have found in data analysis on the sphere [6, Section 1]. These ob-
jects are a natural analogue of the well-studied [1] discrete objects spherical
t-designs—finite point sets on spheres which provide quadrature or cubature
rules, averaging degree at most t polynomials exactly—introduced by Del-
sarte, Goethals, and Seidel [5]. The optimal asymptotic order of size of a
t-design on Sd as t → ∞ was shown by Delsarte, Goethals, and Seidel—who
noted that the vertices of a regular (t+ 1)-gon give a t-design on S1 [5, Ex-
ample 5.1.4]—to be t when d = 1 and was a long-standing open problem for
d > 1 until Bondarenko, Radchenko, and Viazovska showed that an asymp-
totic lower bound on this size proven by Delsarte, Goethals, and Seidel [5,
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Definition 5.13] was optimal up to a constant for each d ∈ {2, 3, ...}, specifi-
cally proving existence of a constant Cd > 0 such that there exists a spherical
t-design on Sd of size N for any t ∈ N+ and N ≥ Cdt

d [2, Theorem 1]. Ehler
and Gröchenig established an asymptotic lower bound ℓ(γ) ≥ 󰁨cdtd−1 (󰁨cd a
constant depending on d) on the order of length of a spherical t-design curve
γ on Sd for d ∈ N+ [6, Theorem 1.1] and called sequences (γt)

∞
t=0 of t-design

curves achieving this bound up to a constant asymptotically optimal. These
authors used the results of Bondarenko, Radchenko, and Viazovska [2, The-
orem 1] to show existence of asymptotically optimal sequences of t-design
curves on Sd for d = 2 [6, Theorem 1.2] and posed the problem of proving
existence of such sequences for d > 2. Theorem 1.2 solves this problem for
d = 3.

Theorem 1.2 (Main Theorem). There exists a constant C > 0 such that
for any C ≥ C and t ∈ N+, there exists a simple t-design curve on S3 of
length Ct2.

We note that applying techniques of Ehler and Gröchenig [6, Sections 4-6] to
a sequence (γt)

∞
t=1 of t-design curves satisfying ℓ(γt) = C t2, one may decrease

the shortest known asymptotic order of length achieved by sequences of t-
design curves on Sd for d ≥ 3 from td(d−1)/2 to td(d−1)/2−1.

To show Theorem 1.2, we combine a construction communicated by Theorem
1.3 which builds a t-design curve on S3 from a ⌊t/2⌋-design curve on S2 with
the result of Ehler and Gröchenig that there exists an asymptotically optimal
sequence of t-design curves on S2.

Theorem 1.3. Consider t ∈ N and a ⌊t/2⌋-design curve α on S2. For any
ε ≥ 0, we may construct a t-design curve γα,ε on S3 as in (5) which may
have self-intersections for ε = 0 but which will be simple for ε > 0 of length

(1) ℓ(γα,ε) = (t+ 1)
󰁳

ℓ(α)2 + φ2
α + ε

for a constant φα ∈ (−π,π] chosen as in (16) which satisfies the bound (4).

Theorem 1.4 (Theorem 1.2 of Ehler and Gröchenig [6]). There exists a
constant A > 0 such that for any t ∈ N+, there exists a t-design curve on
S2 of length at most A t.

Theorem 1.2 directly follows from Theorems 1.3 and 1.4 by taking

C :=
󰁳

A 2 + 4π2,

as for any t ∈ N+ and α a ⌊t/2⌋-design curve satisfying ℓ(α) ≤ A t, we will
have ℓ(γα,ε) ≤ C t2 for ε = 0 and we may then increase the length of γα,ε
as desired by increasing ε. We prove Theorem 1.3 in Section 2, then discuss
examples of explicit t-design curves arising from the construction of Theorem
1.3 and results arising from natural generalizations of the theorem in Section
3. These results include explicit sequences of asymptotically optimal t-design
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curves on (S1)d, existence of asymptotically optimal sequences of t-design
curves on S2 × (S1)d and S3 × (S1)d, and a construction to be made fully
formal in future work [11] which builds a t-design curve on S2n+1 from a
⌊t/2⌋-design curve on CPn that we plan to use to give rise to improved
bounds on the asymptotically smallest sequences of t-design curves known
to exist on Sd for d > 3.

2. Building t-design curves using the Hopf map

We now give an informal overview of the proof of Theorem 1.3, present
lemmas used in the proof in Subsection 2.1, and provide the formal proof in
Subsection 2.2. Consider the Hopf map

(2) π : S3 → S2, (a, b) ∈ C2 󰀁→ (|a|2 − |b|2, 2ab) ∈ R× C,
which gives rise to a principal S1-bundle with fibers

(3) π−1(w) = {ωz | z ∈ S1 ⊂ C} ∼= S1

for w ∈ S2 and any ω ∈ π−1(w). To build the t-design curve γα,ε on S3

discussed in Theorem 1.3 from a ⌊t/2⌋-design curve α on S2, we first use
Lemma 2.1 to lift α to a curve βα on S3 satisfying π◦βα = α whose derivative
β′
α(s) is always orthogonal to the tangent space of the fiber π−1(π(βα(s))).

We then rotate βα fiberwise such that the concatenation γα,ε of t+1 appro-
priately rotated copies of the resulting curve will be continuous, piecewise
smooth, closed, and, if ε > 0, to remove any self-intersections and lengthen
the curve by ε. We note that the lengthening of the curve done to ensure
that γα,ε will be closed results in the constant φα in the formula (1) for the
length of γα,ε. We may observe from our choice (16) of φα that φα may be
expressed as a function of the area enclosed by α using the Gauss-Bonnet
theorem [7, 3]. Additionally, denoting by Gt+1 the set of generators of the
cyclic group of order t+1 (natural numbers less than and coprime to t+1),
it is straightforward to see that

(4) |φα| ≤
π

t+ 1
max

g1,g2∈Gt+1

min(|g1 − g2|, t+ 1− |g1 − g2|)

for t > 2, which gives rise to the bound |φα| ≤ 2π
t+1 when t+1 is prime.

The construction described above will arrange for all s ∈ [0, 1] that

(π ◦ γα,ε)(s) = α((t+ 1)s− ⌊(t+ 1)s⌋)
and that

(γα,ε([0, 1])) ∩ π−1(π(γα,ε(s)))

is the vertices of a regular (t+1)-gon on π−1(π(γα,ε(s))) ∼= S1, which we see
from Lemma 2.4—the result of an example [5, Example 5.1.4] of Delsarte,
Goethals, and Seidel—is a t-design on the fiber. We show that such a curve
will be a t-design curve on S3 using a method analogous to those used first by
König [9, Corollary 1] and Kuperberg [10, Theorem 4.1] to relate t-designs



4 AYODEJI LINDBLAD

on spheres to ⌊t/2⌋-designs on quotient complex projective spaces, later
by Okuda [13, Theorem 1.1] (who was inspired by work of Cohn, Conway,
Elkies, and Kumar [4, Section 4] on the subject) to relate t-designs on S3 to
⌊t/2⌋-designs on S2, and most recently by the present author [12, Theorem
1.1] to relate t-designs on spheres to ⌊t/2⌋-designs on quotient real, complex,
quaternionic, or octonionic projective spaces or spheres. To this end, we will
present Lemmas 2.2 and 2.3, which were used by Okuda in formalizing their
result [13, Theorem 1.1].

We may observe from this outline of the construction of γα,ε and the pre-
sentation

π−1(ξ, η) =

󰀫󰁱
1√
2

󰀓
ζ
√
1 + ξ, ηζ√

1+ξ

󰀔 󰀏󰀏󰀏 ζ ∈ S1
󰁲
, ξ ∕= −1

{(0, ζ) | ζ ∈ S1}, ξ = −1

of preimages of π that

(5) γα,ε(s) =

󰀻
󰀿

󰀽

1√
2

󰀕󰁳
1 + α1(r),

α2(r)−iα3(r)√
1+α1(r)

󰀖
e2πis+iθ(r), α1(r) ∕= −1

(0, 1) e2πis+iθ(r), α1(r) = −1

for r := (t+ 1)s− ⌊(t+ 1)s⌋ and a piecewise smooth function θ : [0, 1] → R
satisfying θ(0)− θ(1) ∈ 2πZ which will be continuous at all points r ∈ [0, 1]
satisfying α1(r) ∕= −1.

2.1. Curves and polynomials related through the Hopf map. We
now present lemmas used in the proof of Theorem 1.3. Lemma 2.1 discusses
how to lift a curve on S2 to a curve on S3 whose derivative is orthogonal to
the tangent space of each Hopf fiber it passes through, Lemma 2.2 discusses
how an integrable function on S3 can be averaged by averaging the function
on S2 which averages it on each Hopf fiber, Lemma 2.3 relates polynomials
on S3 to those on S2 and on Hopf fibers, and Lemma 2.4 discusses how the
vertices of a regular (t+ 1)-gon on a Hopf fiber give a t-design on the fiber.
We first show Lemma 2.1. To this end, observe that since the Hopf map (2)
constitutes a fiber bundle, we have the decomposition

(6) TωS
3 ∼= Tω(π

−1(w))⊕ TwS
2

for ω ∈ S3 and w := π(ω) ∈ S2. There is a natural isometric inclusion

ιω : TwS
2 ↩→ TωS

3

satisfying

(7) dπω ◦ ιω = idTwS2 ,

where idTwS2 is the identity map on TwS
2.
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Lemma 2.1. Take a continuous, piecewise smooth curve α : [0, 1] → S2 with
finitely many self-intersections. We may construct a continuous, piecewise
smooth curve βα : [0, 1] → S3 with finitely many self-intersections satisfying

(8) β′
α(s) = ιβα(s)(α

′(s))

for all s ∈ [0, 1] at which α is smooth and

(9) π ◦ βα = α.

Proof. Consider α as in the lemma and a partition 0 = s0 < · · · < sm = 1
of [0, 1] such that α is smooth and has no self-intersections on each interval
Ij := [sj , sj+1]. Fixing j ∈ {0, ...,m− 1}, the restriction αj := α|Ij is then a

diffeomorphism onto its image α(Ij), so π−1(α(Ij)) is a smooth submanifold
(with boundary) of S3. We define a vector field Vj on π−1(α(Ij)) ∋ ω by

(Vj)ω = ιω(α
′(α−1

j (π(ω)))).

The method of successive approximations allows us to construct the unique
smooth flow

βj : π
−1(α(sj))× Ij → S3

satisfying

(10)

βj(ω, sj) = ω,

∂βj
∂s

(ω, s) = (Vj)βj(ω,s)

for ω ∈ π−1(α(sj)) and s ∈ Ij . For such ω, we have

(π ◦ βj)(ω, sj) = π(ω) = α(sj)

and (7) shows that for s ∈ Ij satisfying (π ◦ βj)(ω, s) = α(s), we have

∂(π ◦ βj)
∂s

(ω, s) =

󰀕
dπβj(ω,s) ◦

∂βj
∂s

󰀖
(ω, s)

= dπβj(ω,s)((Vj)βj(ω,s))

= α′(α−1
j ((π ◦ βj)(ω, s)))

= α′(s).

So, we must have

(11) (π ◦ βj)(ω, s) = α(s)

for ω ∈ π−1(α(sj)) and s ∈ Ij , showing that βj has no self-intersections
since αj has none.

Fix ω ∈ π−1(α(0)). We now consider the curve βα : [0, 1] → S3 which
arises from flowing along each βj successively starting at ω, so we have
βα(0) = ω and βα(s) = βj(βα(sj), s) for j ∈ {0, ...,m − 1} and s ∈ Ij . By
this construction, we see since βj is smooth and has no self-intersections
for each j that βα is continuous and piecewise smooth with finitely many
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self-intersections. Moreover, we directly see from (10) and (11) that (8) and
(9) hold. □

Lemmas 2.2 and 2.3 are concerned with properties of the operator Iπ which
takes f ∈ L1(S3) to the function

(12) (Iπf)(w) =
1

2π

󰁝

π−1(w)
f dσ

on S2 which gives the average of f on each Hopf fiber (where σ is the
standard uniform measure on π−1(w) ∼= S1) and the left multiplication by
a base point ω isomorphism

(13) ζω : S1 → π−1(w), ζ 󰀁→ ωζ

we define for ω ∈ S3 and w := π(ω) ∈ S2. We do not prove these lemmas,
but note that proofs can be found in work of Okuda [13, Lemmas 4.2-4.3]
or of the present author [12, Lemmas 2.2-2.3, 2.5].

Lemma 2.2 (Lemma 4.2 of Okuda [13]). For f ∈ L1(S3), we have

1

|S2|

󰁝

S2

Iπf dσ =
1

|S3|

󰁝

S3

f dσ.

Lemma 2.3 (Lemma 4.3 of Okuda [13]). We have

Iπ(Pt(S
3)) = P⌊t/2⌋(S

2),(14)

ζ∗ω(Pt(S
3)) = Pt(S

1) for any ω ∈ S3.(15)

Lemma 2.4 follows from (15) paired with the fact [5, Example 5.1.4] noted
by Delsarte, Goethals, and Seidel that the vertices of a regular (t + 1)-gon
give a t-design on S1.

Lemma 2.4 (Example 5.1.4 of Delsarte, Goethals, and Seidel [5]). For any
ω ∈ S3 and f ∈ Pt(S

3), we have

1

t+ 1

t󰁛

j=0

f(ωe2πij/(t+1)) = (Iπf)(π(ω)).

2.2. Formal treatment of the construction. We now prove Theorem
1.3, applying Lemma 2.1 to assist in constructing the desired curve γα,ε and
using Lemmas 2.2, 2.3, and 2.4 to show that γα,ε is a t-design curve.

Proof of Theorem 1.3. Consider α as in the theorem statement, which we
reparameterize so its derivative has constant norm |α′| = ℓ(α). Consider
βα as in Lemma 2.1 alongside the generators Gt+1 of the cyclic group of
order t+1. Since α is a closed curve, (9) shows that βα(0) lies in the image
π−1(π(βα(1))) of the isomorphism ζβα(1) as in (13). Therefore, we may pick
g ∈ Gt+1 minimizing |φα| for φα ∈ (−π,π] defined by

(16) eiφα = ζ−1
βα(1)

(βα(0))e
2πig/(t+1) ∈ S1 ⊂ C.
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With ε as in the theorem statement, fix

φε :=

󰁶

φ2
α +

2ε
󰁳

ℓ(α)2 + φ2
α

t+ 1
+

ε2

(t+ 1)2
,

so we have

(17)
󰁳

ℓ(α)2 + φ2
ε =

󰁳
ℓ(α)2 + φ2

α +
ε

t+ 1
.

We may consider the partition 0 = s0 < · · · < sm = 1 of [0, 1] arising from
the union of the set of self-intersection points of α with {0, 1}. We define

rj,δ :=
1

2
(sj−1 + sj + (sj − sj−1)φα/φε) + δ for j ∈ {1, ...,m− 1},

rm,δ :=
1

2
(sm−1 + 1 + (1− sm−1)φα/φε)− (m− 1)δ

for some fixed δ ∈ [0,∆], where we have

∆ = min

󰀝
s1 − r1,0, ..., sm−1 − rm−1,0,

rm,0 − sm−1

m− 1

󰀞

so that rj,δ ∈ [sj−1, sj ] for all j. Setting

I+,δ :=

m󰁞

j=1

(sj−1, rj,δ), I−,δ :=

m󰁞

j=1

(rj,δ, sj),

we can directly compute that

|[0, sj ] ∩ I+,δ|− |[0, sj ] ∩ I−,δ| = sjφα/φε + 2jδ for j ∈ {1, ...,m− 1},
|I+,δ|− |I−,δ| = φα/φε.

Thus, considering the unique continuous function θδ : [0, 1] → R defined by

θδ(0) = 0, θ′δ(s) = ±φε for s ∈ I±,δ,

we have that

(18)
θδ(sj) = sjφα + 2jδφε for j ∈ {0, ...,m− 1},

θδ(1) = (|I+,δ|− |I−,δ|)φε = φα.

Defining functions

q(s) =
⌊(t+ 1)s⌋

t+ 1
, r(s) = (t+ 1)(s− q(s))

for s ∈ [0, 1], we consider the continuous, piecewise smooth curve

󰁨γα,δ := (βα ◦ r)ei(θδ◦r+2πgq) : [0, 1] → S3.

We may directly see that

󰁨γα,δ(1) = βα(0) = 󰁨γα,δ(0),
so 󰁨γα,δ is a closed curve. Observe from (9) that

π ◦ 󰁨γα,δ = π ◦ βα ◦ r = α ◦ r,
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so 󰁨γα,δ may only have a self-intersection at a point s ∈ [0, 1] if there exists
s̃ ∈ [0, 1] such that r(s) = r(s̃) or if r(s) is a self-intersection point of α. If
r(s) = r(s̃), we have s̃ = s+ k/(t+ 1) for some k ∈ {−t, ..., t}, so

󰁨γα,δ(s̃) = βα(r(s))e
i(θδ(r(s))+2πg(q(s)+k/(t+1))) = 󰁨γα,δ(s)e2πigk/(t+1) ∕= 󰁨γα,δ(s)

since g is a generator of the cyclic group of t + 1 elements and thus gk
will not be an integer multiple of t + 1. Therefore, 󰁨γα,δ may only have
self-intersections in

r−1({sj}mj=0) =

󰀝
sj,k :=

sj + k

t+ 1

󰀏󰀏󰀏󰀏 j ∈ {0, ...,m}, k ∈ {0, ..., t}
󰀞
.

For any k ∈ {0, ..., t}, (18) and (16) show that

󰁨γα,δ(sj,k) = βα(sj)e
i(sjφα+2jδφε+2πgk/(t+1)) for j ∈ {0, ...,m− 1},

󰁨γα,δ(sm,k) = βα(1)e
i(φα+2πgk/(t+1)) = βα(0)e

2πig(k+1)/(t+1),

so we can see that there will only be finitely many δ ∈ [0,∆] such that
󰁨γα,δ will have any self-intersections. We take γα,ε := 󰁨γα,0 when ε = 0.
Otherwise, we have ∆ > 0, so we may pick δ ∈ [0,∆] such that 󰁨γα,δ has no
self-intersections and label γα,ε := 󰁨γα,δ.

Combining (8), the fact that ιω is an isometry for all ω ∈ S3, and our
assumption that |α′| is constant, we see that |β′

α| = |α′| = ℓ(α), so the
decomposition (6) shows that

(19) |γ′α,ε|2 = |(βα ◦ r)′|2 + |(θδ ◦ r)′|2 = (t+ 1)2(ℓ(α)2 + φ2
ε)

at all points where γα,ε is smooth. Thus, we have

ℓ(γα,ε) = (t+ 1)
󰁳

ℓ(α)2 + φ2
ε

and (17) then shows that (1) is satisfied.

To complete the proof, we need only show that for any f ∈ Pt(S
3),

(20)
1

ℓ(γα,ε)

󰁝

γα,ε

f =
1

|S3|

󰁝

S3

f dσ.

Picking such f , as (19) shows that |γ′α,ε| is constant and thus equals ℓ(γα,ε),
we have

(21)
1

ℓ(γα,ε)

󰁝

γα,ε

f =
1

ℓ(γα,ε)

󰁝 1

0
f(γα,ε(s))ℓ(γα,ε) ds =

󰁝 1

0
f(γα,ε(s)) ds.

With Iπ as in (12), we then see from Lemma 2.4 and since g is a generator
of the cyclic group of order t+ 1 that

1

t+ 1

t󰁛

k=0

f(ωe2πigk/(t+1)) = (Iπf)(π(ω)),
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so applying a change of variables s 󰀁→ s
t+1 , (9), and that |α′| = ℓ(α), we have

󰁝 1

0
f(γα,ε(s)) ds =

t󰁛

k=0

󰁝 (k+1)/(t+1)

k/(t+1)
f(γα,ε(s)) ds

=

󰁝 1

0

1

t+ 1

t󰁛

k=0

f(βα(s)e
i(θδ(s)+2πgk)) ds

=

󰁝 1

0
(Iπf)((π ◦ βα)(s)) ds

=

󰁝 1

0
(Iπf)(α(s)) ds

=
1

ℓ(α)

󰁝

α
Iπf.

(22)

We see from (14) in Lemma 2.3 that Iπf ∈ P⌊t/2⌋(S
2), so since α is a ⌊t/2⌋-

design, (21) and (22) combine to show that

1

ℓ(γα,ε)

󰁝

γα,ε

f =
1

|S2|

󰁝

S2

Iπf dσ.

Lemma 2.2 then shows that (20) is satisfied. □

3. Explicit t-design curves and generalizations

We now discuss examples of explicit t-design curves arising from the con-
struction of Theorem 1.3. To this end, observe that the curve α(s) =
(0, cos(2πs), sin(2πs)) which traces around the equator of S2 is a 1-design
curve on S2. Taking t ∈ {2, 3} and building γα,0 as in Theorem 1.3, we
produce a smooth, simple t-design curve

(23) [0, 1] → S3, s 󰀁→ 1√
2
(cos(2πs), sin(2πs), cos(2πts) ,− sin(2πts))

on S3 which we may observe has length π
√
2t2 + 2. This curve for t = 3 is

pictured in Figure 1.

We can similarly use the construction of Theorem 1.3 to produce smooth,
simple t-design curves on S3 for t ∈ {4, 5, 6, 7} from the smooth, simple 2-
and 3-design curves discovered by Ehler and Gröchenig [6, Example 3.3].
For t ∈ {0, ..., 27}, we can produce further explicit examples of ⌊t/2⌋-design
curves on S2 by applying the construction of Ehler and Gröchenig [6, Section
5] which can be used to build a ⌊t/2⌋-design curve on S2 from a ⌊t/2⌋-design
on S2 to the ⌊t/2⌋-designs on S2 compiled by Hardin and Sloane [8, Table I],
and the construction of Theorem 1.3 applied to these curves gives numerous
additional examples of simple t-design curves on S3.
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Figure 1. The 3-design curve γα,0 on S3 ∼= R3 ∪ {∞}
as in (23) for α the curve which traces around the equator
in S2. γα,0 lies on the Clifford torus that is the preimage
of the equator of S2 under the Hopf map; the segment of
the curve on the same side of this torus as the observer is
shown in black and the further segment is shown in gray.
The preimage π−1(p) of a point on the equator of S2 under
the Hopf map is shown in red. Note the intersection of π−1(p)
with γα,0([0, 1]) is the vertices of a square, a 3-design on
π−1(p).

We now discuss results related to Theorem 1.3 concerning t-design curves
on spaces other than spheres. Define, for any t ∈ N and n ∈ N+, a t-
design curve on a measure space (Σ ⊂ Rn, µ) to be a continuous, piecewise
smooth, closed curve γ : [0, 1] → Σ with finitely many self-intersections
whose associated line integral exactly averages the restrictions of elements
of Pt(Rn) to Σ as in Definition 1.1. Consider a t-design curve α on such
(Σ, µ). The curve

[0, 1] ∋ s → (α((t+ 1)s− ⌊(t+ 1)s⌋), e2πis) ∈ Σ× S1

can be shown exactly as in the proof of Theorem 1.3 (substituting for the
Hopf map the projection Σ×S1 → Σ, which similarly gives rise to a principal
S1-bundle) to be a t-design curve on (Σ × S1 ⊂ Rn+2, µ × σ). As the
curve

[0, 1] ∋ s 󰀁→ e2πis ∈ S1

is trivially a t-design curve on S1 for any t ∈ N, we see that

γt : [0, 1] ∋ s → (e2πi(t+1)s, e2πis) ∈ S1 × S1
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Figure 2. 3-design curves on S1, S1×S1, and S1×S1×S1

constructed as in (24). For a ⌊t/2⌋-design curve α on S2, the
curve γα,0 as in Theorem 1.3 can be constructed by mapping
such a t-design curve on S1 × S1 onto the immersed torus
π−1(α([0, 1])).

is a t-design curve on the Clifford torus S1 × S1 of length

ℓ(γt) = 2π
󰁳

(t+ 1)2 + 1 ≤ 2π
√
5t.

We then see that for any d ∈ N+,

(24) γt,d : [0, 1] ∋ s → (e2πi(t+1)d−1s, e2πi(t+1)d−2s, ..., e2πis) ∈ (S1)d

is a t-design curve on (S1)d of length

ℓ(γt,d) = 2π

󰁹󰁸󰁸󰁷
d−1󰁛

j=0

(t+ 1)2j ≤ C(S1)dt
d−1

for the constant

C(S1)d := 2π

󰁹󰁸󰁸󰁷
d−1󰁛

j=0

4j .

Noting that the curves (24) may be lengthened by any arbitrary amount as
in the proof of Theorem 1.3 when d > 1, for any such d, any C ≥ C(S1)d ,

and t ∈ N+, we may construct a smooth, simple t-design curve on (S1)d

of length Ctd−1. We may similarly show using Theorem 1.4 when n = 2
and Theorem 1.2 when n = 3 that there exists a constant CSn×(S1)d such

that for any C ≥ CSn×(S1)d and t ∈ N+, there exists a (simple, for n = 3)

t-design curve on Sn× (S1)d of length Ctn−1+d. A proof analogous to one of
Ehler and Gröchenig [6, Theorem 1.1] can be used to show that all of these
curves achieve the minimal possible asymptotic order of length among such
curves.



12 AYODEJI LINDBLAD

For K the reals or complex numbers, k := dimRK − 1, and n ∈ N+, we
consider the K-projective space

KPn = {[ω] | ω ∈ S(k+1)(n+1)−1 ⊂ Kn+1} ([ω] := {ωζ | ζ ∈ Sk ⊂ K}),

which we realize as a subset of K(n+1)2 ∼= R(k+1)(n+1)2 via the embedding
taking an element [ω] ∈ KPn to the matrix ωω∗ which projects Kn+1 to the
span over R of [ω]. This provides us with a notion of t-design curves on KPn.
We may then use t-design curves on S2 and S3 with antipodally symmetric
image (which can be built on S2 using the construction described by Ehler
and Gröchenig [6, Section 5] and on S3 using the construction of Theorem
1.3) to build ⌊t/2⌋-design curves on RP2 and RP3 respectively with half the
lengths of the original curves. For any d ∈ N, we then get existence results
for t-design curves analogous to those for S2 × (S1)d and S3 × (S1)d on
RP2×(S1)d and RP3×(S1)d. For any n ∈ N, we also plan [11] to provide an
existence result for t-design curves on CPn achieving an asymptotic order
of length such that we can prove existence of t-design curves on S2n+1 for
n > 1 asymptotically shorter than the current asymptotically shortest such
curves shown to exist [6, Theorem 1.3] by combining this existence result
with a generalization of Theorem 1.3 which uses the complex projective map
S2n+1 ∋ ω 󰀁→ [ω] ∈ CPn (which can be identified with the Hopf map when
n = 1 via the association CP1 ∼= S2) to build a simple t-design curve on
S2n+1 of length approximately (t + 1)ℓ(α) from a ⌊t/2⌋-design curve α on
CPn.
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